Abstract. Let u be a positive continuous function on 0; 1) satisfying the conditions: (0) lim r!1 r ?1=2 log u(r) = 1, (G1) u is increasing and u(0) = 1, (G2) limsup r!1 r ?1 log u(r) < 1, (G3) logu(x 2 ) is convex for x 2 0; 1). Such a function u determines a Gel'fand triple E] u (L 2 ) E] u . In this paper we show that if w is a positive continuous function on 0; 1) satisfying the conditions (G1) (G3) and (G 2) liminf r!1 r ?1 log w(r) > 0. Then its dual Legendre transform u = w satis es conditions (0) (G1) (G2) (G3). The function w is often convenient to use for studying generalized functions on a white noise space.
Introduction
In recent papers 1] 2] 3] Asai, Kubo, and Kuo have introduced a Gel'fand triple E] u (L 2 ) E] u basing on a Gel'fand triple E E 0 E 0 and a growth function u satisfying certain conditions (see Section 2.) This function u is used in 3] to characterize test functions in the space E] u and to give an intrinsic topology for E] u . Moreover, its dual Legendre transform u is used in the characterization theorem for generalized functions in the space E] u .
It often happens, e.g., the Bell number spaces 1] 3] and Feynman integrals 4] , that the function u is given implicitly as the dual Legendre transform w of some function w, i.e., u = w . Thus it is desirable to specify conditions on w so that u = w determines a Gel'fand triple E] u (L 2 ) E] u .
Spaces of test and generalized functions
Take a real countably-Hilbert space E with a sequence fj j p g 1 p=0 of norms 6] . Let E p denote the completion of E with respect to the norm j j p . Assume the following conditions:
(a) There exists 0 < < 1 such that j j 0 j j 1 p j j p for all p 0.
(b) For any p 0, there exists q p such that the inclusion map i q;p : E q , ! E p is a Hilbert-Schmidt operator.
Let E 0 be the dual space of E. Then we have a Gel'fand triple E E 0 E 0 : Apply the Minlos theorem to get the standard Gaussian measure on E 0 . For simplicity, we use (L 2 ) to denote the complex Hilbert space L 2 (E 0 ; ). By the Wiener-Itô theorem, each ' 2 (L 2 ) can be uniquely decomposed into an orthogonal We need to consider the following conditions on a function u 2 C +;1=2 :
(G1) u is increasing and u(0) = 1.
(G2) lim sup r!1 r ?1 log u(r) < 1. (G3) log u(x 2 ) is convex for x 2 0; 1).
These G-conditions are stated as U-conditions in the papers 1] 2] 3]. The only di erence is between conditions (G2) and (U2). Condition (U2) says that lim r!1 r ?1 log u(r) < 1. However, it can be replaced by the weaker condition (G2) in these papers. ; (7) where`u is the Legendre transform of u de ned by Equation (2) . (6) and (7) to get k:e h ; i : ' 2 E] u be represented as in Equation (1).
Then its S-transform is given by 
But by the above Fact 2 the function L u is equivalent to u. Hence the inequality in Equation (11) It is easy to check that u belongs to C +;1=2 and satis es conditions (G1) (G2) (G3). Moreover, the Legendre and dual Legendre transforms of u are given bỳ We can use the Stirling formula to show that the sequence u (n) = ? n!`u(n) ?1
given by Equations (8) and (12) is equivalent to the sequence (n) = (n! Note that when = 1, the function u(r) = e 2 p r does not belong to C +;1=2 and so its dual Legendre transform u is not de ned. This fact is also evident from Equation (13). By comparing this growth condition with the one in Theorems 2.1, we see that we may take u such that u = w k . If we can check that u (assuming its existence) belongs to C +;1=2 and satis es (G1) (G2) (G3), then by the above Fact 5 we get u = (u ) = w k . Thus the function u is given by u = w k , the dual Legendre transform of w k . However, it is impossible to nd the explicit form of w k .
From the above discussion we see that it is desirable to nd conditions on u (instead of u) so that E] u (L 2 ) E] u is a Gel'fand triple as given in Section 2.
For this purpose we will need to consider the condition: (G 2) lim inf r!1 r ?1 log w(r) > 0.
The following three lemmas can be easily checked. Remark. Hence by Lemma 3.1 the function w satis es (G2). As a simple example, consider the function w k (r) = exp k (r)= exp k (0) given in Equation (14) for the Bell number spaces. Obviously, w k is a positive continuous function on 0; 1). Moreover, it is easy to check that w k satis es (G1) (G 2) (G3). An interesting example of w is given in a recent paper by Asai-Kubo- Kuo 4] on Feynman integrals. Let be a complex measure on R with total variation j j.
Assume that satis es the conditions:
(1) j j(R n f0g) > 0. 
